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In this work, the MacCormack methodology is extended to implicit compact dif-
ferencing schemes. A prefactorization method is developed which splits the implicit
matrix into two independent upper and lower matrices which are easier to invert.
Using this method, a new class of high-order accurate compact MacCormack-type
schemes is derived. Two fourth-order schemes are described, and results are shown
for three linear and nonlinear CAA benchmark problems 2000 Academic Press
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1. INTRODUCTION

In aeroacoustic calculations, the propagation of unsteady flow and acoustic phenon
need to be accurately determined over long periods of time. To reduce the accumulatic
error, the numerical spatial derivatives of the flow must be highly accurate while requiri
few grid points to resolve each wave. To accomplish this goal, high-order and optimi:
finite-difference schemes have been developed (e.g., Refs. [1-11]).

There are two main classes of high-accuracy finite-difference schemes: explicit sche
and compact schemes. Explicit schemes directly compute the numerical derivative by
ploying large computational stencils for accuracy. Compact schemes use smaller ste
by solving a matrix for the numerical derivatives along a grid line. Thus, unlike an e
plicit scheme, the numerical derivative at each point depends on the value of the nume
derivative at neighboring points. While compact schemes are more accurate than the ex
scheme of the same order, solving for each spatial derivative requires a scalar tridiag
or pentadiagonal matrix inversion.

Recently, a new class of high-accuracy explicit MacCormack-type schemes has &
introduced for computational aeroacoustics [9, 10]. We extend this methodology to comy
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52 HIXON AND TURKEL

schemes, resulting in a class of highly accurate compact MacCormack-type schemes v
use one-sided implicit stencils.

2. MATHEMATICAL FORMULATION

A general compact spatial derivative of a functibmay be written as

[B](D) =  [CI(1), &

whereD is the numerical approximation to the spatial derivative of the funcfipfC] is
the matrix of explicit coefficients, and] is the matrix of implicit coefficients and must be
inverted to obtairD.

For example, a fourth-order accurate approximation to the derivative is given by

1 1
E(Di+l+4Di +Diy) = m(fwl — fi—y). 2

Since the value ob at a given point depends on the valuedoét neighboring points,
a scalar tridiagonal matrix must be solved to obtain the derivative:

(1
(D) = (144 Icli ). @

Ina MacCormack-type scheme, the derivative operator is split into forward and backw
operators such that

{DF} + (DB}

{D} = 5

4)
DF andD® use one-sided forward and backward differences, respectively. A Taylor sel
expansion yields

DF = 1:x + A1:xx - foxxx_ R O(Ax)n

. (5)

fx — Afux + Bfyxxx+ - + O(Ax)n~

Extending the MacCormack concept to implicit operators, the derivative operators are
fined as

[BF](DF} = = [CF(f)
Alx (6)
[BE]{D®} = B[CB]{f}

or

(1
(D) = (87141711 )
. Q
By _ rpBi1-1( * [~B
(0°) = (8% ( (e ).
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where
[BF] =[B°]
8)
[CF]=-[C®".
Substituting into Eq. (3), we obtain
_ i F1—-1f~F B1-11~B
(D} = 5 ([BI'[C] + [B°'[C®Di f). (©)
Using Eq. (8), this becomes
— i _ B1T\—-1 BT B1-1 B
(D) = 5 (~(B*T)CPT" +[B®]{CPD(f). (10)
Multiplying through and rearranging, we obtain
[B%"[B°)(D) = 5 (~[BSIC®I" + [B®"ICON(1). (1)
Notice that Eq. (11) is only valid if
[B®]"[B®] = [B®][B®]". 12)

Equation (12) is true in the interior for all tridiagonal matrices with constant diagonals.
To avoid a tridiagonal matrix inversion, we use bidiagonal matrices for the forward &
backward operators. Writing out the backward operator explicitly, we have

1
aD®,+(@1-a-cD?+cD?, = (AX)(kfil —(k+mfi+mfg).  (13)

Using the definitions of Eq. (8), the forward operator becomes

1

Using this, we find that at pointin the interior

[BB]T[BE]{D}; = ca(Dj_»+ Dij2) + (c+a)(L—a—c)(Dj_1 + Diy1)
+(*+a*+(1-a—-c)?D;. (15)

Matching the coefficients in Eg. (15) with those on the left side of Eq. (2) gives

c=0
1 1 16
_1, 1 (16)
2 23

Here we take to be the smaller of the two possible values. On the explicit side, we fin

1
m(—[BB][CB]T +[BPIT[CED{f};

1
= 5y (Ma=ko)(fiyz = fig) +((ktmc—a) +(@—a—cym—k)(fips — fiv).
(17)
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Matching the coefficients in Eq. (17) with Eq. (2) gives

c=0
m=20 (18)
k=-1

and thus

aD?,+(1—-aDP = (Alx>(fi - fi_1)
(19)

1
abDf,; +(1-aDf = (H)”Hl_ fi).

Performing a Taylor series expansion of the forward and backward operators gives

3 3
DF = fx + AX£ fxx - (AX)3£ fxxxx + O(AX)A
6 72 (20)
3 3
DB = f, — Ax{ fux + (Ax)3% fuxxx + O(AX)™.

Two things can be seen in Eq. (20). First, the form of the two operators is similar
Eq. (5) in that the even derivatives are equal and opposite. Second, a fourth-order acc
central difference is recovered when the forward and backward operators are substitutec
Eq. (4). Thus, the operators that have been defined are suitable for use in a MacCormack
scheme. Unlike the work by Kennedyal.[8], which derived compact MacCormack-type
operators with tridiagonal matrices, the operator is one-sided on the implicit side as w
Using the terminology of Hixon [9], this method is a 4/2 scheme. This terminology refers
the order of the underlying fourth-order central difference and the leading error term in
first-order biased differences. It should be noted, however, that the prefactorization me
is not limited to MacCormack-type schemes; other work has used this prefactorizal
method to obtain more efficient central difference compact derivatives [11] and comy
filters [12].

Notice that since bidiagonal matrices are used to calculate the derivatives, the local v
of D may be found using the value @ on one side only. By sweeping in the proper
direction, the values dd may be found explicitly.

By using an additional explicit point and following the method used in Ref. [9], the ord
of the forward and backward operators may be increased to third order, resulting in a
scheme. This scheme is defined by

(21)

Ol Wik

x
Il
|
ol u
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and thus

1 2 1 1 2 5
DE,+ -Df = (>< fia+ =6 —=fi_ >
37173 A 6 3 6
X . 22)
3 6

1 2 1 5
3D|F+1+ §DiF = (B) <6f|+1 fi_ 1)

Consequently, one extra point is used in the explicit operator to achieve the increas
order. The Taylor series expansion of the forward and backward operators is

fi —

DF = (Ax) Fxxxx+ o(Ax)*
(23)

DB =F, + (Ax)3 & Froooct o(ax)%.

Substituting the coefficients of Eq. (21) into Egs. (15) and (17) reveals that the 4/4 sch
reduces to the following fourth-order compact central difference:

2 5 2 1 1 4 4 1
§Di—1 + §Di + §Di+1 = 36Fl+2+ 9F|+1 - §Fi—1 - 3—6Fi—2 . (24)

This illustrates one very important difference between the explicit MacCormack-ty
schemes given in Ref. [9] and the compact MacCormack-type schemes described
For explicit schemes, the order of the forward and backward operators may be chai
without changing the underlying central difference. Thus, the sum of the forward ¢
backward operators for the explicit 4/2 and 4/4 schemes is the same fourth-order ce
difference, giving identical dispersion properties. However, the compact 4/2 and 4/4 sche
have different underlying central differences, which give completely different dispersi
properties, as will be illustrated.

Notice that using a larger stencil on the forward and backward operators resultsin a |z
equivalent stencil for the underlying difference. As shown in Ref. [11], this method can
used to derive a class of prefactored small-stencil high-order compact central different

Table | gives a comparison of the computational work required to compute a deri
tive using the 4/2 or 4/4 scheme. From this comparison, the compact MacCormack-
schemes are very competitive with explicit central differences as well as with comg
central differences.

TABLE |
Work per Point Comparison

Scheme Multiplies  Additions

4/2 2
4/4 3
Explicit 4 2
Explicit 6 3
7-point DRP 3
Compact 4 3

w_b-bw-bl\J




56 HIXON AND TURKEL

3. TIME MARCHING METHODS

Given the equation
U+ {FU)}x=0 (25)
the original MacCormack scheme used a two-stage explicit time marching method:

U® =u"— AtsF[FUM]
(26)

Um = (U7 U - AtP[F(UD))).

This scheme is second-order accurate in time, and fourth-order accurate in space usir
4/2 compact-implicit scheme given in Egs. (16) and (18) for linear problems. To obt:
fourth-order accuracy in space for nonlinear problems, one needs to permute the fon
and backward differences (see Ref. [2]).

In addition to a MacCormack two-stage scheme, three multistage Runge—Kutta-type
marching methods for MacCormack-type schemes will be described. These methods
derived for MacCormack-type schemes in Ref. [9] and will be briefly described here.

A general six-stage Runge—Kutta MacCormack-type scheme can be defined as

h® = —AtsF[FUM)]

h® = —Ats®[F (U" + azh®)]
h® = —AtsF [F(U" + ash®)]
h® = —Ats®[F (U" + ash®)] (27)
h® = —AtsF[F(U" + ash®)]
h©® = —AtsB[F (U" + ash®)]

UM =U" 4 B1h® + Boh® + Bsh® + B4h ™ + Bsh® + 6h®),

wheresF refers to a forward spatial difference adl to a backward spatial difference.
Normally, the order of forward and backward differences is interchanged every stej
avoid numerical biasing.

The coefficients for the three time marching schemes are given in Table Il. The R
scheme is second-order accurate, while the RK4 and the 4-6 low dispersion and dissip.
Runge—Kutta (LDDRK) scheme of Het al.[13] are both fourth-order accurate in a linear
sense. However, for nonlinear problems, the RK4 scheme is fourth-order accurate w
the 4-6 LDDRK method presented here reduces to third order accuracy. Notice that the
LDDRK method uses a two-step marching cycle; one step has four stages and the se
step has six.

4. ACCURACY ANALYSIS

Consider a general MacCormack-type method, whidithiorder accurate in time. The
underlying central difference ish order accurate in space, while the biased differences &
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TABLE Il
Time Marching Schemes

LDDRK 4-6 LDDRK 4-6

RK2 RK4 Step 1 Step 2
o 1 1/2 1/2 0.353323
o3 0 1/2 1/2 0.999597
o 0 1 1 0.152188
as 0 0 0 0.534216
o 0 0 0 0.603907
B1 1/2 1/6 1/6 0.0467621
B2 1/2 1/3 1/3 0.137286
B3 0 1/3 1/3 0.170975
Ba 0 1/6 1/6 0.197572
Bs 0 0 0 0.282263
Bs 0 0 0 0.165142
G 1 1 1 1
C 1/2 1/2 1/2 1/2
C3 0 1/6 1/6 1/6
Cy 0 1/24 1/24 1/24
Cs 0 0 0 0.0162098
Cs 0 0 0 0.00286365

mth order accurate in space. A linear accuracy analysis using Eq. (25) will give

U+ At =U 1) + % + 9 (ALY, AtAX™) AXD. (28)

From Eq. (20), the 4/2 scheme will have a third-order time-space error term, while
4/4 scheme is a true fourth-order method. Using the RK2 time stepping scheme, we
that the 4/2 scheme will be fourth-order accurate in space and second-order accurz
time, even for nonlinear problems, if we alternate the order of the forward and backw
sweeps. This result was previously noted in Ref. [2] for the explicit 4/2 scheme of Gottl
and Turkel. The 4/4 scheme will be fourth-order accurate in space even without alterne
the order of the sweeps. For the other time stepping methods, the time accuracy will de
only on the nonlinear accuracy of the time advancement algorithm.

A wavenumber analysis of these schemes gives a more complete picture of their
ear performance and stability. The numerical wavenuniiex for a general three-point
compact derivative (Eq. (13)) is defined as

— —i (ke 102X — (K 4+ m) + méd?2x)

fax= (ae 12X + 1 — (a+c) + ce?2x)’ 29)
wheref AX is the actual wavenumber and
-7 <OAX < 7. (30)
For the standard compact scheme, the numerical wavenumber is given by
b Ax = 2/3 +?1n/(§)Ac)c(>)s(9 AX)) (31)



58 HIXON AND TURKEL

Notice that the right side of Eq. (31) is purely real. This is a property of central-differen
stencils. For the 4/2 MacCormack-type scheme, the numerical wavenumber for the forv
biased difference is

FFAx — < sin(6 Ax) (/314 cos(@Ax))) (32)
~ \(2/3+4 (1/3)cog0AX))  (2/3+ (1/3)co0AX)) /)’
Similarly, the numerical wavenumber for the backward biased difference is
B A — ( Sin(6 Ax) (i//3)(—1+ cos(@Ax))) (33)
~ \(2/3+ (1/3) cog6 AX)) (2/3+ (1/3)cog8AX)) /°

There are two interesting things to observe in Egs. (32) and (33). First, the real (disper:
part of both equations is equal and identical to the real part of Eq. (31); thus, the 4/2 sch
has the same dispersion characteristics as a central fourth-order compact scheme. St
the imaginary (dissipative) parts are equal and opposite. This is a property of MacCorm
type schemes.

Likewise, the numerical wavenumbers for the 4/4 scheme are

7 Ax — (((2/9) Sin(@ Ax) — (1/18) sin(20 Ax))
N (5/9 + (4/9) cogO AX))
B i (—5/18+ (2/9) cogOAX) + (1/18) cos(29Ax))>
(5/9 + (4/9) cogH AX))

(34)

BAX =

D>

((2/9) sin(0 Ax) — (1/18) sin(20 AX))
< (5/9 + (4/9) coq90 AX))
i (—5/18+ (2/9) cog0 AX) + (1/18) cog26 AX))
(5/9 + (4/9) cogH AX)) >

(39)

Figures 1 and 2 show the dispersion properties of these schemes and compare th
explicit schemes such as 4th and 6th order central differences and the 7-point DRP sche
Tam and Webb [5]. Notice the reduction in the dispersion error throughout the wavenurr
range from the 4/4 scheme as compared to the 4/2 scheme; this is due to the change
underlying central difference in the 4/4 scheme.

In Fig. 2, the DRP scheme and 4/4 scheme both exhibit “dips” in the dispersion el
curve. The reason for this is illustrated in Fig. 1. Notice that the numerical wavenum
of the 4/4 scheme is greater than the actual wavenumber through a large portion of
wavenumber spectrum, dipping below at a wavenumber value of about 2.6. When
numerical wavenumber crosses through the actual wavenumber, they are equal and the
is zero, causing the “dip” in Fig. 2. The DRP scheme also has a numerical wavenumber
is greater than the actual wavenumber at low wavenumbers; at the scale of Fig. 1 it ca
be seen.

Figure 3 shows the dissipation properties of the two MacCormack-type schemes. Ag
the reduction in dissipation in the resolved wavenumber range from the 4/4 schem
evident.
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FIG. 1. Dispersion characteristics of compact MacCormack-type schemes.

5. PERFORMANCE AND STABILITY OF COMPACT MACCORMACK-TYPE SCHEMES

The numerical wavenumber of the forward and backward operators of a MacCorm:
type scheme may be written as
0F AX = 6CAX — i (§AX)
(36)

0B AX = OCAX + i (§AX).

10 : .
G—© explicit 4th order
o O——H explicit 6th order
107 ¢ G—— compact 4th order
b H—2A 4/4 compact MacCormack
100 L $——k explicit 7-point DRP )
S
& 10% E 3
c
k=]
2
2 10° L .
8
a
10° .
10° © 4
10° '
1 10

Points per wavelength

FIG. 2. Dispersion error magnitude comparison.
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FIG. 3. Dissipation magnitude for compact MacCormack-type schemes.

As previously noted, the dispersion relati®hAx is the same for both the forward and
backward differences; however, the dissipative térx is equal and opposite.
Substituting these definitions into the time-marching schemes described above,

obtain

Ut + At) = (1+ 1 (=i AD(BCAX) + Co(—i ADZ((OC AX)? + (AX)?)
+ C3(—i AD3OC AX)((0° AX)? + (SAX)?) + Ca(—i AD)*((6C AX)?
+ (8AX)?)2 + c5(—i ADPOC AX)((BC AX)2 + (5A%)2)?
+cs(—i ADB(OC AX)Z + 5AX)DHU (1) = (GO AX)HU (). (37)

Using this equation, we can find the linear wavenumber response of the time-marcl
scheme, as well as its linear stability. For this stability analysis, the magnitu@déatx)
must be equal to or less than one foe@WAX < 7. In thiswork,0 AX — 0 andd Ax = 7,
which measure the long and short wavelength stability, are investigated analytically. /
matter of observation, if the scheme is stable for stalk and ford Ax = x, it is almost
always stable for ah Ax.

Table 11l shows the results for the linear stability analysis, both analytical and num
ical.

6. BOUNDARY STENCILS FOR COMPACT MACCORMACK-TYPE SCHEMES

6.1. Effect of boundary stencils on interior scheme performanthe numerical prop-
erties of the boundary stencil for a compact scheme has a much larger effect on the sta
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TABLE 1l
Stability Limits

Time CFL limit CFL limit CFL limit
Scheme marching Ox — 0) ©Ax — ) (numerical)
4/2 RK2 %3 % 0.577
RK4 (stable) 1 1.0
LDDRK 4-6 (stable) 0.934684 0.891
4/4 RK2 (unstable) i (unstable)
RK4 (stable) & 0.851
LDDRK 4-6 (stable) 0.80946 0.747

and accuracy of the scheme than the boundary stencil for the equivalent explicit sch
[15, 16]. The reason for this is that the error from the boundary stencil can propagate n
points into the computational domain.

Taking the 4/2 scheme as an example, let us assume that we have ar émoar the
boundary at the beginning of the backward sweep. Defjres

€0 = (DB)interior - (DB)boundary (38)

where the subscript “interior” refers to the spatial derivative that the interior scheme wo
have obtained and the subscript “boundary” refers to the derivative obtained by the boun
stencil. It can be seen that we are defining the error with respect to the numerical deriv:
that the interior scheme would have obtained rather than the exact analytical derivatiy
the boundary.

Substituting (38) into Eq. (19), we find that the error propagates inward from the bound
The error for a derivative grid points away from the boundary is

(DB)interior’i = (DB)boundaryh + <_1%aa) €0 (39)

or

& = (—faa) £o. (40)

It is clear that the error due to the boundary stencil used at the start of the sweep |
much greater effect on the computed derivative than that of the boundary stencil use
the end of the sweep. Figure 4 illustrates the effect of boundary stencil error on the inte
derivatives for the 4/2 and 4/4 schemes. The 4/2 scheme is less affected by boundary s
error than the 4/4 scheme.

6.2. Boundary stencil descriptionOne-sided, five-point, explicit boundary stencils
were used for the two schemes described. These stencils were obtained by matchir



62

HIXON AND TURKEL

I
—— 4/2 scheme

4/4 scheme |

Relative Boundary Error

5.0 10.0

15.0

20.0 25.0 30.0

Points from Boundary

FIG. 4. Effect of boundary stencil

Taylor series terms to the fourth order for the forward and backward stencils of each sche

For the 4/2 scheme, the boundary stencils are

error on interior solution.
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For the 4/4 scheme, the boundary stencils used were

DiFmin = (_%9> fi + (g) fii1— (%9) fi2+ (g) fiyz— <%> fiia
() (1 (D (1o
Dfnax = (%73) fi — (%5) fi_1+ (%7) fio— <1§1> fi_s+ (g) fi_a
Dfax = <199) fi — (?) fi_i+ (169) fi_o— <193> fis+ (;) fi_a.

This is not the only option for boundary stencil specification. Another possibility is
define ghost points outside the computational domain and extrapolate data to these art
points using high-order accurate extrapolation. In this way, the interior scheme can be
on the boundaries (see, e.g., Ref. [3]). For the fourth-order accurate compact schemes
here, only one ghost point is needed.

(42)

7. BENCHMARK TEST PROBLEMS AND RESULTS

Three test problems were chosen to investigate the numerical performance of the
compact MacCormack-type schemes. These problems are from the First and Second
Workshops [17-18].

7.1. The 1-D linear wave propagationThe first problem tested is the first linear prob-
lem given in the First CAA Workshop [17]. The problem asks for the solution of the 1-
linear convection equation at tiree400,

Ut + Ux =0
(43)
U(x, 0) = 1ex In(2) x\*
E) - 2 p 3 £
where
Ax =10 -20<x <450 (44)

Boundary condition specification is straightforward in this problemx At —20, which
is the inflow boundary, the derivative bf is set to zero. Ak = 450, which is the outflow
boundary, the derivative df is calculated explicitly from the interior using one-sidec
boundary stencils.

Figures 5—7 show the results for the 4/2 scheme used with each time-stepping meth
varying time steps. As noted in Ref. [9], the RK2 time-stepping method shows a tendenc
affect the dispersion as the time step increases, while the RK4 method tends to be dissiy
at higher time steps. The LDDRK 4-6 method also dissipates at higher time steps w
combined with the 4/2 scheme; however, this is more due to the scheme itself than the
stepping method.

Figure 8 shows the results for the 4/4 method at a time step of €FL5 for both
the RK4 and LDDRK 4-6 time stepping methods. Due to the specification of the probl
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o Exact

& —— CFL =0.0625
! - CFL=0.125
---- CFL=0.25
—-— CFL=0.5

0.40

-0.20 :
350.0 400.0 450.0

X

FIG.5. Performance of 4/2 scheme using RK2 time marching on benchmark problem 1.

and the stability limits of the schemes, this was the largest time step that could be u
The improvement in dissipation and dispersion from the 4/4 scheme is evident, thougt
difference between the two time marching methods is small at this low time step. As
time step is increased, the LDDRK 4-6 method will show an improvement over the R
method, as noted in Refs. [9, 10].

7.2. The 1-D shock tube problemThe second one-dimensional problem solves th
Category 2 shock tube problem from the First CAA Workshop [17]. The equations sol

o Exact

o —— CFL =0.0625
------------ CFL=0.125
---- CFL=0.25

T

0.40

—-— CFL=05

-0.20 '
350.0 400.0 450.0

X

FIG. 6. Performance of 4/2 scheme using RK4 time marching on benchmark problem 1.
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\
o Exact
. — CFL=0.0625
........ CFL =0.125
ol -~ CFL=025
- CFL=05
=) 0.20
0.00
-0.20 ‘
350.0 400.0 450.0
X

FIG. 7. Performance of 4/2 scheme using LDDRK 4-6 time marching on benchmark problem 1.

are the nonlinear Euler equations, written in conservative form,

p PU
d d )
G P g PP =0, (45)
E u(E + p)
o Exact
0 S 4414
q<> -~ - - (4-6)-4/4
0.40 . .
o q
P

450.0

-0.20 ‘
350.0 400.0
X

FIG. 8. Performance of 4/4 scheme on benchmark problem 1.
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where

1
p:(y_1)<E_2pu2>. (46)

The equations are solved on the domaih00 < x < 100, withAx = 1.0. The initial
conditions are

ux,0 =0
4.4, X< —2

p(x,0) = { 27+ 1.7cos(*27) —2<x <2 (47)
1.0, X>2

p(x,0 = (yp)'”.

The boundary conditions used are the one-dimensional characteristic formulation.
three characteristics are given by

c _%—_C%
TR T:
d dp
R R
C2 =5 (P) — (48)
c _d_p+ _c@
ST 4t TPt

where the overbar terms are mean values that are set in this work as the initial va
at the boundary. In this formulation, outgoing characteristics are computed using
interior scheme, while incoming characteristics are set to zero. For the inflow bou
ary (x=-100), c; andc;, are incoming and are set to zero. For the outflow boundal
(x = 100), c3 is incoming and is set to zero.

Figures 9 and 10 show the results for density at ta&0 for this problem compared to
the exact solution. In these figures, the expansion fan is shown on the left, with the cor
surface in the middle and the shock on the right. Only part of the computational domai
shown in order to illustrate the performance of the different methods.

In Fig. 9, the three time stepping methods are compared using the 4/2 scheme. All t
use atime step of CFE: 0.25. This figure shows the ability of all three methods to accurate
track the discontinuities, with the RK2 time stepping method having more oscillations
the solution than the other two methods.

InFig. 10, the 4/4 scheme is tested using the RK4 and LDDRK 4-6 time stepping methc
At this small time step, both methods produce comparable results. Notice that while the
method does have more oscillations in the solution compared to the 4/2 method, the co
surface is more sharply resolved. This is due to the decreased dissipation and incre
dispersion accuracy of the 4/4 method.

For all cases, the solution of the shock tube problem could be improved by using artifi
dissipation or filtering to damp the numerical oscillations. However, the results show t
the schemes are all stable in the vicinity of a discontinuity without additional damping.
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FIG. 9. Effect of time stepping method on 4/2 scheme solution of nonlinear benchmark problern
(CFL=0.25).

7.3. The 2-D acoustic scattering problenThe third test problem is from the Second
CAA Workshop [18]. In this problem, a 2-D cylinder of radits= 0.5 is located at the
origin. At time= 0, an initial pressure pulse is specified:

3 (X — 4% +y?
p(x,y,0) = exp(—ln(Z) (T)) (49)
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X

FIG. 10. Effect of time stepping method on 4/4 scheme solution of nonlinear benchmark problen
(CFL=0.25).
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The problem asks for the unsteady pressure data fott 6< 10 at three stationg0, 5),
The equations to be solved are the linearized Euler equations in polar coordinates:

d |V d [Pl 1
- _— = — . 50
T3 (Far 10¢trag P -0 (50)
p vr Vg Ur

The computational domain extends radially fré?a= 0.5 to R=10.5, and azimuthally
from6 =0to6 = 2. Three boundary conditions are used: a wall condition on the cylindc
an acoustic radiation condition in the far field, and a periodic condition at the azimut
boundaries.

The wall condition is based on the wall condition of Tam and Dong [19]. This conditic
requires that the time rate of change of the normal velocity at the wall is zero:

du, dp
T __F_o 51
dt dr (°1)
This condition is imposed by setting the normal derivative of pressure at the wall to z
for each sweep, while the other radial derivatives are computed normally.

The acoustic radiation boundary condition is given by Bayliss and Turkel [20, 21] as

d | o d | U v
p p p

The radial derivatives at the exterior boundary are computed using one-sided exf
stencils.

0.080 T T T T T T
0.060 - g
i o Exact
2-4/2
0.040 ¥ 1 e 4-412 :
-~ == (4-6)-4/2
=——s 4-4/4
o - - = (4-6)-4/4

0020 Hf & 1

pressure

0.000

-0.020

6.5 7.0 7.5 8.0 8.5 9.0 95 100

-0.040 . : .
6.0
time

FIG. 11. Solution of benchmark problem 3 at point (0, 5) (CEI0.5).
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FIG. 12. Solution of benchmark problem 3 at poit5, 0) (CFL=0.5).

The periodic boundary condition requires some extra work. To start the sweep for
azimuthal derivative, the one-sided boundary stencil is used. At the end of the swee
corrected value for the derivative is known, and Eq. (40) is used to update the interior pc
as required.

For this calculation, a uniformly spaced grid of 201 radial points and 301 azimuthal poi
is used, with a time step of CFk 0.5. Since the grid does not have a poir&it/2, 5/v/2),
data are only taken at the poin 5) and(—5, 0).

Figures 11 and 12 show the results for these locations, compared to the exact solt
The results of both methods are good for this problem. At the initial transient in Fig. 11
can be seen that the 4/4 scheme is less dissipative, but has the wave arriving slightly «
The 4/2 scheme is more dissipative, with a lagging dispersion error. At this relatively sr
time step, all time marching methods perform well.

8. CONCLUSIONS

A new series of compact MacCormack-type schemes are presented which feature
sided implicit stencils, reducing the computational effort greatly. Explicit boundary stenc
and boundary conditions are described, and results are shown for linear and nonlinear
benchmark problems. Linear stability and wave propagation properties are shown fol
two schemes, using various time-stepping methods. The compact methodology giv
distinct performance advantage over previous explicit MacCormack-type schemes ant
be easily added to existing MacCormack scheme solvers.
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